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We study the γγ →M+M−(M = pi,K) processes with the contributions from the
two-particle twist-2 and twist-3 distribution amplitudes of pion and kaon mesons on
BHL prescription in the standard hard-scattering approach. The results show that
the contributions from twist-3 parts are actually not power suppressed comparing
with the leading-twist contributions in the low energy region and the cross sections
agree well with the experimental data in the two-photon center-of-mass energy W >
2.8 GeV. We also predict the cross section ratio σ0(pi
+pi−)/σ0(K
+K−), which is
compatible with the experimental data from TPC and Belle.
PACS numbers: 12.38.Bx, 13.60.Le, 13.66.Bc
I. INTRODUCTION
The common method of calculationing hard exclusive processes in Quantum Chromody-
namics (QCD) was developed in Refs. [1–5]. Especially, the exclusive processes at large
momentum transfer have aroused much attention [3, 4] in the last few years. As pioneers
of the theoretical physicists, Brodsky and Lepage [4, 5] put forward a systematic analysis,
involving angular dependence, helicity structure, normalization of elastic and inelastic form
factors and large angle exclusive scattering amplitudes for hadrons and photons.
It is well known that the exclusive processes at large momentum transfer can afford
definitely theoretical test for perturbative QCD. The two-photon processes, such as γ∗γ →
hadrons and γγ → hadron pairs at large momentum transfer, have attracted much attention
in theoretical [5–9] and experimental [10–15] fields over the past few decades. Due to the
pointlike structure of the photon, initial states are simple and controllable, and the strong
interactions are presented only in final states. Such structure not only has an important role
for understanding the nonperturbative construction of QCD, but also brings convenience to
analysis of these exclusive hard scattering amplitudes and perturbative mechanisms.
In this work, we focus on the two-photon annihilation into pseudoscalar mesons γγ →
M+M−. However, what’s troubling theorists is that the cross sections predicted in theory
are noticeably below the experimental data [13]. Brodsky and his collaborator provided
the predictable results [5] as a sin−4 θ dependence of the differential cross section and a
W−6 dependence of the total cross section. The similar theoretical predictions have been
put forward in Chernyak’s series of works on the two-photon exclusive processes [8, 9].
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2In 1986, Bene Nizˇic´ [16] was the first researcher who calculated the one-loop corrections
for the two-photon exclusive channels at large momentum transfer, then Goran Duplancˇic´
[17] perfected the leading-twist next-to-leading-order(NLO) radiative corrections. Their
calculations indicated that the NLO corrections slightly change the leading-order predictions.
The early experimental work [10] has been suggested to test a QCD calculation in the
model proposed by Brodsky and Lepage. Increasing interests for this problem, more ex-
perimental groups, for instance, TPC [10], ALEPH [11], Belle [12–14] and so on have
been attracted to testify the results of theoretical analysis. Especially, the Belle collab-
oration systematically measured the two-photon collisions at the center-of-mass energy
2.4 GeV < W < 4.1 GeV and the scattering-angle region | cos θ| < 0.6 [13]. With the
improvement of experimental accuracy, we hope to have a further understanding of these
processes at high energy region and large scattering angle.
Besides the QCD radiation correction [16, 17], which is very minor in this process, the
next-leading-order correction can also come from high Fock states or high twist distribution
amplitudes of the hadron, and the later is considered in our work. From the naive point of
view, the contributions of high twist distribution amplitudes are suppressed by the factor
1/Q2 for exclusive processes with large momentum transfer Q, but that has not always
been the case. For example, the contributions from twist-3 distribution amplitudes are
comparable with or even larger than the one from leading-twist distribution amplitude of
light pseudoscalar meson in the χcJ → pi+pi−, K+K− decay channels [18] and the pion/kaon
electromagnetic form factor [19, 20]. More discussions for the high twist corrections of
vector mesons are presented in Refs. [21–23]. In this work, the main experimental data of
γγ → M+M− processes come from the center-of-mass energy W below 4.0 GeV and the
momentum transfer is not large enough. So it is necessary to investigate the contributions
from the two-particle high twist distribution amplitudes for those channels. Our results
also indicate that the twist-3 distribution amplitudes of pion and kaon make the significants
contributions at the low energy region W < 6 GeV. In the hard-scattering approach, there
still exists the problem of the end-point singularity, which comes from twist-3 ϕp(x) term
of pseudoscalar mesons [24], and we take into account the meson distribution amplitudes
with BHL prescription where the distribution amplitudes are rewritten with the exponential
suppression factors to avoid the end-point effect.
The structure of this paper is arranged as follows. In Section II, we present our calculation
of the hard-scattering amplitude at tree level. A brief model of the twist-2 and twist-3
distribution amplitudes with BHL scheme is presented in Section III. The Section IV is
the numerical analysis and the last Section is the conclusion to this work. The invariant
amplitudes for γγ → pi+pi−, K+K− are given in Appendix A.
II. CALCULATION OF HARD-SCATTERING AMPLITUDES
In this section, we want to recalculate the hard-scattering amplitudes for
γ1(p1, ε
λ1
1 ) + γ2(p2, ε
λ2
2 )→M+(p3) +M−(p4), (M = pi,K) (1)
where the initial photons are real with the different polarized vectors and the final states
are flavor-nonsinglet helicity-zero mesons. p1, p2 and p3, p4 are four-momenta for the initial
photons and the final pseudoscalar mesons, respectively. ελ11 (ε
λ2
2 ) is the polarized vector of
the photon and the scripts λ1(λ2) = ±1 represent two transversal photons. This process is
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FIG. 1: Feynman diagrams for hard QCD contributions to γγ →M+M−.
described by the γγ → (qq)+(qq) amplitude which is illustrated by two typical lowest order
Feynman diagrams in Fig. 1. The left typical diagram has twelve topological structures
and the right typical diagram has eight topological structures by various symmetries from
photons, gluons and quarks exchanging.
In the two-photon center-of-mass frame, we choose the direction of two-photon collision
as Z-axis with the total energy denoted by W and the scattering angle denoted by θ. And
then, the four-momenta of incoming and outgoing particles are given as follows
p1 =
W
2
(1, 0, 0, 1) , p2 =
W
2
(1, 0, 0,−1) ,
p3 =
W
2
(1, sin θ, 0, cos θ) , p4 =
W
2
(1,− sin θ, 0,− cos θ) , (2)
where the masses of pion and kaon are canceled in the chiral limit. The polarization states
of photons are taken to be
ε+1 (p1) =
1√
2
(0,−1,−i, 0), ε−1 (p1) =
1√
2
(0, 1,−i, 0),
ε+2 (p2) =
1√
2
(0, 1,−i, 0), ε−2 (p2) =
1√
2
(0,−1,−i, 0). (3)
With the above choices, we work out the expression of cross section with the two-particle
twist-3 distribution amplitudes of the final pion mesons in the hard-scattering approach and
it is written as
dσ(γγ → pi+pi−)
d cos θ
=
1
32piW 2
1
4
∑
λ1,λ2=±1
|Aλ1λ2 |2 , (4)
Aλ1λ2(W, θ) =
∫ 1
0
∫ 1
0
dxdy
∑
ij
φipi(x, µ
2
F )T
ij
λ1λ2
(x, y,W, θ)φjpi(y, µ
2
F ), (5)
where Aλ1λ2 is the transitional matrix element of the two-photon scattering process.
φipi(x, µ
2
F ) is the pion meson distribution amplitude with the longitudinal momentum frac-
tion x and the factorization scale µF . The script i = pi represents the twist-2 distribution
amplitude and the scripts i = p, σ represent two twist-3 distribution amplitudes. The func-
tion T ijλ1λ2(x, y,W, θ) is the invariant amplitude from the different distribution amplitudes
with the scripts i and j .
4To calculate the transitional matrix element, we take the vacuum saturation approxima-
tion and use the Feirz identity
q1αq2β =
1
4
Iβα(q1q2)−
1
4
(iγ5)βα(q1iγ
5q2) +
1
4
(γµ)βα(q1γ
µq2)
− 1
4
(γµγ5)βα(q1γ
µγ5q2) +
1
8
(σµνγ5)βα(q1σ
µνγ5q2), (6)
where q1 and q2 are the quark fields. There are only three terms with the matrix γ5 that
have contributions for scattering amplitudes in the γγ → pi+pi− process by the parity anal-
ysis. Finally, we find that the scripts of nonzero terms are ij = pipi, pp, pσ, σp, σσ for the
invariant amplitude T ijλ1λ2(x, y,W, θ) of this reaction. The twist-2 and twist-3 distribution
amplitudes of pion are defined as the following relations
〈pi+(p)|u(z1)γµγ5d(z2)|0〉 = −ifpipµ
∫ 1
0
dx ei(x p·z1+(1−x) p·z2)φpipi(x), (7)
〈pi+(p)|u(z1)iγ5d(z2)|0〉 = fpiµpi
∫ 1
0
dx ei(x p·z1+(1−x) p·z2)φppi(x), (8)
〈pi+(p)|u(z1)σµνγ5d(z2)|0〉 = ifpiµpi
6
[pµ(z1 − z2)ν − pν(z1 − z2)µ]
×
∫ 1
0
dx ei(x p·z1+(1−x) p·z2)φσpi(x), (9)
by the expanded form of hadronic matrix element [25–28], where fpi is the decay constant of
pion, the parameter µpi =
m2pi
mu+md
is proportional to the chiral condensate and the variable x
is the meson momentum fraction.
With the definitions of distribution amplitudes for final state mesons, the transitional
matrix element of the γγ → pi+pi− process is calculated and the invariant amplitude
T ijλ1λ2(x, y,W, θ) is represented as
T ijλ1λ2(x, y,W, θ) =
16
3
pi2ααs(µ
2
R)CF T̂
ij
λ1λ2
1
l21l
2
2l
2
3
, (10)
where CF =
4
3
is the color factor and the masses of light quarks are canceled. α is the elec-
tromagnetic coupling constant and αs(µ
2
R) is the strong coupling constant with the renor-
malization scale µR. The operator T̂
ij
λ1λ2
is related to the two-pion materialization of two
photons with different twist distribution amplitudes and has the diverse expression from the
various Feynman diagram. For instance, it is given as
T̂ pipiλ1λ2 =
1
16
f 2piTr[/ε1/l 1γρ/l 2/ε2γ5/p4γ
ργ5/p3],
T̂ ppλ1λ2 =
1
16
f 2piµ
2
piTr[/ε1/l 1γρ/l 2/ε2γ5γ
ργ5],
5T̂ pσλ1λ2 = −
1
96
f 2piµ
2
pip
α
3 (
∂
∂l1β
− ∂
∂l3β
)Tr[/ε1/l 1γρ/l 2/ε2γ5γ
ργ5σαβ ],
T̂ σpλ1λ2 = −
1
96
f 2piµ
2
pip
µ
4 (
∂
∂l3ν
− ∂
∂l2ν
)Tr[/ε1/l 1γρ/l 2/ε2γ5σµνγ
ργ5],
T̂ σσλ1λ2 =
1
576
f 2piµ
2
pip
α
3 (
∂
∂l1β
− ∂
∂l3β
)pµ4(
∂
∂l3ν
− ∂
∂l2ν
)Tr[/ε1/l 1γρ/l 2/ε2γ5σαβγ
ργ5σαβ ], (11)
in the left diagram of Fig. 1, where ε1 and ε2 are the abbreviations of polarized vectors
ελ11 (p1) and ε
λ2
2 (p2) of initial photons, respectively. The partial (
∂
∂lmν
− ∂
∂lnν
) (m,n = 1, 2, 3)
comes from the (z1 − z2)ν of Eq. (9). The momenta of quark propagators are represented
by l1, l2 and the gluon propagator is represented by l3. In this diagram, they are written
as l1 = −p1 + (1 − x)p3, l2 = p2 − yp4 and l3 = −xp3 − (1 − y)p4. Finally, we obtain the
invariant amplitudes T ijλ1λ2(x, y,W, θ) with the scripts ij = pipi, pp, pσ, σp, σσ by the sum
of twenty Feynman diagrams and their detailed expressions are shown in Appendix A.
III. THE DISTRIBUTION AMPLITUDES OF PSEUDOSCALAR MESONS
The twist-2 and twist-3 distribution amplitudes of pseudoscalar mesons are taken as
the main nonperturbative input parameters in the above calculations of hard scattering
amplitude. In this section, we give a brief model for them in BHL scheme [29]. Equating the
off-shell propagator to connect the equal-time wave function in the rest frame and the light-
cone wave function in the infinite momentum frame, the wave function for quark-antiquark
systems is obtained
Ψ(x,k⊥) ∝ exp
[
− 1
8β2
(
k2⊥ +m
2
1
x
+
k2⊥ +m
2
2
1− x
)]
(12)
from the harmonic oscillator model at the rest frame, where mi is the constitute quark mass.
The β refers to the harmonic parameter which can be obtained from the definition of the
average of quark transverse momentum squared
〈k2⊥〉M =
f 2M
24
∫
dx
d2k⊥
16pi3
|k2⊥||ΨM(x,k⊥)|2/PMqq , (13)
where M = pi for pion and M = K for kaon mean the leading-twist wave functions Ψpipi
and ΨKK . The decay constants are fpi = 0.132 GeV for pion and fK = 0.160 GeV for kaon,
respectively. In the Ref. [29], 〈k2⊥〉pi and 〈k2⊥〉K are all given as (0.356 GeV)2 approximately.
The probability of finding the qq leading-twist Fock state in the pseudoscalar meson is not
larger than unity
PMqq =
f 2M
24
∫
dx
d2k⊥
16pi3
|ΨM(x,k⊥)|2 ≤ 1. (14)
The classical forms of twist-2 and twist-3 wave functions with BHL prescription are
widely considered and have an immediate advantage to solve the end-point singularity by
6the exponential suppression in x = 0 and x = 1 point. In our work, we take the twist-2
wave functions of pion and kaon with first three terms Gegenbauer polynomials and they
are characterized as
Ψpipi(x,k⊥) = A
pi
pi
[
1 +BpipiC
3
2
2 (ξ) + C
pi
piC
3
2
4 (ξ)
]
exp
[
− k
2
⊥ +m
2
q
8β2pix(1 − x)
]
, (15)
ΨKK(x,k⊥) = A
K
K
[
1 +BKKC
3
2
1 (ξ) + C
K
KC
3
2
2 (ξ)
]
exp
[
− 1
8β2K
(
k2⊥ +m
2
q
x
+
k2⊥ +m
2
s
1− x
)]
, (16)
where C
3
2
n (ξ) is relevant to Gegenbauer polynomials with the relationship ξ = 2x − 1 and
we take n = 2, 4 in the pion case for the SU(2) isotopic symmetry and n = 1, 2 in the kaon
case for the SU(3)-flavor symmetry breaking. The constitute quark masses mq = 0.30 GeV
(q = u, d) and ms = 0.45 GeV [18] are given in the above formulas. To simplify the following
numerical analysis, we write twist-3 wave functions as
Ψppi(x,k⊥) =
Appi
x(1− x)exp
[
− k
2
⊥ +m
2
q
8β2pix(1− x)
]
, (17)
Ψσpi(x,k⊥) = A
σ
piexp
[
− k
2
⊥ +m
2
q
8β2pix(1− x)
]
, (18)
and
ΨpK(x,k⊥) =
ApK
x(1− x)exp
[
− 1
8β2K
(
k2⊥ +m
2
q
x
+
k2⊥ +m
2
s
1− x
)]
, (19)
ΨσK(x,k⊥) = A
σ
Kexp
[
− 1
8β2K
(
k2⊥ +m
2
q
x
+
k2⊥ +m
2
s
1− x
)]
, (20)
for the pion and kaon, respectively.
The above wave functions of twist-2 and twist-3 for pion and kaon follow the normalized
condition ∫
dx
d2k⊥
16pi3
ΨiM(x,k⊥) = 1, (21)
where the scripts i = pi(K), p, σ refer to different twist wave functions and the script M =
pi(K) refers to the pion(kaon) meson. By integrating the transverse momentum of wave
function, corresponding distribution amplitude is acquired from the relationship
φiM(x, µ
2
F ) =
∫
|k⊥|<µF
d2k⊥
16pi3
ΨiM(x,k⊥), (22)
7where µF is the upper limit of integral which refers to the ultraviolet cutoff. Substituting
Eq. (15)-(20) into Eq. (22), we obtain the meson distribution amplitudes
φpipi(x) =
Apipiβ
2
pi
2pi2
x(1− x)[1 +BpipiC
3
2
2 (ξ) + C
pi
piC
3
2
4 (ξ)]exp
[
− m
2
q
8β2pix(1 − x)
]
, (23)
φppi(x) =
Appiβ
2
pi
2pi2
exp
[
− m
2
q
8β2pix(1− x)
]
, (24)
φσpi(x) =
Aσpiβ
2
pi
2pi2
x(1− x)exp
[
− m
2
q
8β2pix(1− x)
]
, (25)
for pion and
φKK(x) =
AKKβ
2
K
2pi2
x(1− x)[1 +BKKC
3
2
1 (ξ) + C
K
KC
3
2
2 (ξ)]exp
[
−(1− x)m
2
q + xm
2
s
8β2Kx(1 − x)
]
, (26)
φpK(x) =
ApKβ
2
K
2pi2
exp
[
−(1 − x)m
2
q + xm
2
s
8β2Kx(1− x)
]
, (27)
φσK(x) =
AσKβ
2
K
2pi2
x(1− x)exp
[
−(1− x)m
2
q + xm
2
s
8β2Kx(1 − x)
]
, (28)
for kaon, respectively. The above coefficients AiM , B
i
M , C
i
M , A
p
M , A
σ
M and the harmonic pa-
rameters βM are worked out in the following discussion.
With the method of nonlocal operator product expansion and conformal symmetry, the
distribution amplitudes of the pion [30] and kaon [31] have been studied and the general form
of the leading twist distribution amplitude with the expansion of Gegenbauer polynomials
were described as
φiM(x, µ
2
F ) = 6x(1− x)
(
1 +
∞∑
n=1
ain(µ
2
F )C
3
2
n (2x− 1)
)
. (29)
To leading logarithmic accuracy, the coefficients of nonperturbative Gegenbauer polynomials
ain renormalize multiplicatively with
ain(µ
2
F ) = L
γ
(0)
n
β0 ain(µ
2
0), (30)
where L =
αs(µ2F )
αs(µ20)
, β0 =
11Nc−2Nf
3
with the quark colour number Nc = 3 and the quark flavor
number Nf = 4. The script n takes even numbers for the pion and positive integers for the
kaon. The anomalous dimension γ
(0)
n can be expressed as
γ(0)n = 4CF
(
ψ(n+ 2) + γE − 3
4
− 1
2(n+ 1)(n+ 2)
)
. (31)
8The moments of leading twist distribution amplitudes are defined as the following expression
〈ξn〉iM =
1
2
∫ 1
−1
ξnφiM(ξ)dξ (32)
with ξ = 2x − 1. Those coefficients of Gegenbauer polynomials ain were mainly calculated
by QCD sum rules[30–33] and we take their values
api2 (1 GeV) = 0.25± 0.15, api4 (1 GeV) = 0.04± 0.11,
aK1 (1 GeV) = 0.06± 0.03, aK2 (1 GeV) = 0.25± 0.15. (33)
Establishing the equations by the definition of moments Eq. (32) which combine the lead-
ing twist distribution amplitudes Eqs. (23) and (26) in our model and the naive distribution
amplitudes Eq. (29), we solve the harmonic parameters βM due to the average of quark trans-
verse momentum squared Eq. (13) and the coefficients AiM , B
i
M , C
i
M of twist-2 distribution
amplitudes for the pion and kaon from the BHL scheme with the help of the coefficients of
Gegenbauer polynomials Eq. (33). And then the coefficients ApM , A
σ
M of twist-3 distribution
amplitudes can be obtained directly from the normalized condition Eq. (21).
Thinking about the Eq. (30) in the analysis of distribution amplitudes, we actually get
a series of parameters which change with the scale value µ2F = W
2 and they will be used
in the next numerical analysis to the γγ → pi+pi−, K+K− processes. The coefficients of
twist-2 and twist-3 distribution amplitudes involved in our calculations are too numerous
to table them adequately and Fig. 2 is illustrated with different distribution amplitudes in
the energy W ∈ (1, 6) GeV. As can be seen from Fig. 2, distribution amplitudes in BHL
prescription are obviously different from the common forms in the point x = 0 and 1. The
end-point singularities coming from the hard-scattering amplitudes are solved in our model.
The banded graphics of distribution amplitudes are given out with the variable parameters:
the strong coupling constant αs with ΛQCD ∈ (0.15, 0.3) GeV, the center-of-mass energy
W ∈ (1, 6) GeV and the Gegenbauer coefficients ain from Eq. (33). Especially, the area
of the pion φpipi is more complicated than one of the kaon φ
K
K , since we take Gegenbauer
polynomials to the C
3
2
4 term with the coefficient a
pi
4 changing from positive value to negative
value for the pion, but the coefficient aK2 is always the positive one for the kaon. The graphics
of twist-3 distribution amplitudes without Gegenbauer polynomials are simple for the pion
and kaon.
IV. NUMERICAL ANALYSIS
To analyze the scattering cross section of two photon annihilation into pseudoscalar pairs
numerically, we take the electromagnetic coupling constant α = 1
137
and the QCD running
coupling constant calculated to two-loop accuracy is given by
αs(µ
2
R) =
4pi
β0ln(
µ2
R
Λ2
QCD
)
1− β1β20
lnln(
µ2
R
Λ2
QCD
)
ln(
µ2
R
Λ2
QCD
)
 (34)
with β0 =
11Nc−2Nf
3
and β1 =
34N3c−13N
2
cNf+3Nf
3Nc
. The QCD scale is taken as ΛQCD ∈ (0.15, 0.3)
GeV and the interaction scale is chosen as µ2R = W
2 in this work.
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FIG. 2: The characteristic shapes of distribution amplitudes for pion and kaon in BHL frame.
Left panel: Yellow band: φpipi; Blue band: φ
p
pi; Green band: φσpi. Dashed line: the CZ distribu-
tion amplitude, φCZpi (x) = 30xdxu(xd − xu)2, Dotted line: the asymptotic distribution amplitude,
φasypi (x) = 6x(1−x). Right panel: same for φiK ; φCZK (x) = 30xsxu[0.6(xs−xu)2+0.08+0.08(xs−xu)].
Next, we focus on the chiral enhancing scale µM , which is an important parameter with
the sensitively influence to the contribution from twist-3 parts of the pseudoscalar meson in
the γγ →M+M− process. According to its definition
µM =
m2M
mq +mq
, (M = pi,K; q, q = u, d, s), (35)
and one-loop expression for the running quark mass in the MS scheme [34]
m(µ2R) = m(µ
2
0)
(
αs(µ
2
R)
αs(µ
2
0)
)γ(0)m
2β0
(36)
with the anomalous dimension of quark mass γ
(0)
m = 6CF and the β function β0 =
11Nc−2Nf
3
as defined above, we can get the µpi for pion and µK for kaon with the different energy
scale µ2R = W
2. The masses of current quarks are mµ(1 GeV) = md(1 GeV) = 4 MeV and
ms(1 GeV) = 140 MeV [31]. The masses of pseudoscalar mesons mpi = 139.6 MeV and
mK = 493.7 MeV are quoted from PDG [35]. With the help of Eq. (35) and Eq. (36), we
work out 2.44 GeV ≤ µpi ≤ 3.66 GeV and 1.69 GeV ≤ µK ≤ 2.55 GeV in the energy scale
W ∈ (1, 6).
The transitional matrix elements Aλ1λ2 of the two-pion and two-kaon processes are shown
in Fig. 3 with the two-photon energy W as a variable parameter. Here we fix the scattering
angle cosθ = 0 and choose ain as the central value in Eqs. (33) for mesons distribution ampli-
tudes and ΛQCD = 0.2 GeV for the strong coupling constant. Considering the polarization
states of two photons, there are some relationships A++ = A−− and A+− = A−+ in our cal-
culation. In Fig.3, the left two figures and the right two figures are the transitional matrix
elements A++ and A+− for the pion and kaon case, respectively. The green dashed curves
are the contributions from twist-2 distribution amplitudes, the blue dotdashed curves are
contributions from twist-3 distribution amplitudes and the red solid curves are total contri-
butions with twist-2 part and twist-3 part. Comparing with the leading-twist contribution,
10
FIG. 3: Dependence of the prediction for γγ → MM transitional matrix element Aλ1λ2 on the
energy W with the scattering angle cosθ = 0 in the pion and kaon case, respectively.
we can see that the twist-3 contribution is suppressed in the transitional matrix element A++
as the energy W > 3 GeV(2 GeV) for pion(kaon), while the similar condition is occurred in
the transitional matrix element A+− as the energy W > 11 GeV(8 GeV) for pion(kaon).
Integrating over the scattering angular with | cos θ| < 0.6, the cross sections σ0(γγ →
pi+pi−) and σ0(γγ → K+K−) are shown in Fig. 4. The banded structures are the con-
tribution from twist-3 parts. The green band is noted twist-3(a) with the variable ain and
αs with ΛQCD ∈ (0.15, 0.3) GeV. The yellow band is noted twist-3(b) with the variable ain
at ΛQCD = 0.2 GeV for αs. Here we can see that the strong coupling constant αs has a
little effect on the lower limit but it has an obviously effect to the upper limit from the
areas of two bands. The choice of distribution amplitudes has a significant influence on the
cross section from the yellow band. The magenta solid line named twist-2 stands for the
contribution from twist-2 part with ΛQCD = 0.2 GeV for αs and a
i
n chosen as the central
value in Eqs.(33). The experimental data from TPC [10], BELLE [13] and ALEPH [11]
are also displayed simultaneously in Fig. 4 and we find that the twist-3 correction to the
cross section is markedly improved, even than an order of magnitude enhance to compare
with leading-twist contribution and one-loop correction [17]. Especially, our results of cross
sections for the pion and kaon channels are in good agreement with the experimental data
in the energy W > 2.8 GeV.
Our curves differ significantly from the predictions made before due to considering the
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FIG. 4: Cross section for γγ → MM in the c.m. angular region |cosθ| < 0.6. The blue solid line
is the result of fit for the data among relevant ranges.
FIG. 5: Cross section ration of γγ → pi+pi− to γγ → K+K−. The experimental points are from
TPC[10] and BELLE[13].
contributions from twist-3 parts. We know the parametrization about the W dependence of
the cross section, which has the form of σ(γγ → M+M−) ∝ W−nM . In Ref. [13], BELLE
Collaboration announce that they find npi = 7.9 ± 0.4 ± 1.5 and nK = 7.3 ± 0.3 ± 1.5 for
3.0 GeV < W < 4.1 GeV. In Ref. [17], the NLO results give the power npi = nK = 6.9(7.4)
for µ2R = W
2(W 2/15). On the other hand, we carry out a simple theoretic fitting for the
experimental data, which are mentioned in Fig. 4 among 1.25 GeV < W < 6(4.1) GeV
for pion(kaon), and obtain npi = 6.91 and nK = 6.02 corresponding to the blue solid curves
in Fig. 4. At the same time, we find that the powers are npi = 6.76 and nK = 6.73 from
our twist-2 contributions and the powers are npi = 9.63 and nK = 9.20 from our twist-3
contributions. The analysis of the powers shows that our predictions from twist-3 parts
change faster than the experimental data but their values are the similar magnitude with
the data from BELLE, ALEPH, TPC, and vice versa for twist-2 parts.
The ratio K+K− to pi+pi− is showed in Fig. 5. The experimental points are calculated
from the data of TPC [10] with the energy W ∈ (1.2, 2.0) GeV and BELLE [13] with the
12
FIG. 6: Angular dependence of the cross section, σ−10 dσ/d| cos θ| for pi+pi−,K+K−. The experi-
mental points are from Belle Collaboration[13].
energy W ∈ (2.4, 4.1) GeV. The red solid curve is the contribution of twist-2 distribution
amplitude from the first three terms Gegenbauer polynomials with the ΛQCD = 0.2 and
ain taken as the center value of Eq.(33) and it is larger than the experimental data. The
prediction in Ref. [6] is approximately equals to 1.06 and the one-loop prediction f 4K/f
4
pi =
2.23 [17] coincides with the BL estimate [5] with the asymptotic leading twist distribution
amplitude, while the Belle measured value is 0.89± 0.04± 0.15 in the energy W ∈ (3.0, 4.1)
GeV. The magenta band is from our twist-3 correction with the variable ain and αs with
ΛQCD ∈ (0.15, 0.3) GeV and it is in agreement with the experimental data.
In Fig. 6, we display the angular dependence of cross section, σ−10 dσ/d| cos θ| for the
pi+pi− and K+K− processes, respectively. There is no obvious change to our prediction for
the ratio by varyingW from 2.4 to 4.1, where the Belle data [13] are covered. To simplify our
analysis, we only discuss our prediction and the Belle data at theW = 3.2 ∼ 3.3 GeV region.
The discrete points come from the experimental data in the angular region | cos θ| ≤ 0.6.
The dotted curves indicate the expectation from a sin−4 θ behavior predicted by Brodsky
and Lepage [5]. The dot-dashed and solid curves correspond to the twist-2 and twist-3
contribution in the angular | cos θ| ≤ 0.7, respectively. One in particular is to expand the
scattering angle to | cos θ| ≤ 0.7 in our drawing and it is aimed at reflecting the distinction
between twist-2 and twist-3 parts at the large scattering angle. Since the σ−10 dσ/d| cos θ|
for | cos θ| ≤ 0.7 is less than 5% for | cos θ| ≤ 0.6 and it has almost no influence for further
analysis. We can see that our results are consistent with the experimental data and the curves
have the similar changes with sin−4 θ in the small angular area. These ratios are independent
for the strong coupling constant and it is very difficult to distinguish them by varying the
distribution amplitudes in our calculation. It is worth noting that the σ−10 dσ/d| cos θ| with
one-loop correction [16, 17] is in very good agreement with the data.
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V. CONCLUSION
In this work, we recalculate the two-photon annihilation into two pseudoscalar mesons
processes with the corrections of the two-particle twist-3 distribution amplitudes of pseu-
doscalar mesons in the standard hard-scattering approach. In order to avoid the end-point
singularity from twist-3 distribution amplitudes, we take distribution amplitudes of meson
with BHL prescription. The twist-3 corrections of cross sections for γγ → pi+pi−, K+K− are
markedly improved, even than an order of magnitude enhance to compare with the twist-
2 contributions. The results show that the contributions from twist-3 parts are actually
not power suppressed comparing with the leading-twist contributions, because momentum
transfer is not enough large in those processes. While the cross sections with twist-3 cor-
rections have the similar changes and are at the same order in magnitude with the data by
varying the center-of-mass energyW from 1 GeV to 6 GeV. We also discuss the cross section
ratio σ0(K
+K−)/σ0(pi
+pi−) and find it close to experimental results. Numerical analysis for
the angular dependence of σ−10 dσ/d| cos θ| shows that the ratios are the independence of
distribution amplitudes and are a good agreement with the experimental data in the small-
angle area, but the ratios with the twist-3 corrections increase faster than the ones from the
twist-2 parts in the large-angle area.
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Appendix A: The expression of invariant amplitudes T ijλ1λ2(x, y,W, θ).
In this appendix, we present the detailed formulas of invariant amplitudes T ijλ1λ2(x, y,W, θ)
with the contributions from the two-particle twist-2 and twist-3 distribution amplitudes in
the γγ → pi+pi− process and the relevant expressions for the γγ → K+K− process can be
obtained by making the replacements of fpi → fK , µpi → µK and ed → es in the following
formulas.
The leading-twist hard-scattering amplitudes for the pi+pi− channel are expressed as
T pipi++ = T
pipi
−− =
16pi2ααs(µ
2
R)CFf
2
pi [−y + x(−1 + 2y)](ed − eu)2
3(−1 + t2)W 2(−1 + x)x(−1 + y)y ,
T pipi+− =T
pipi
−+ =
4pi2ααs(µ
2
R)CFf
2
pi
3(−1 + t2)W 2(−1 + x)x(−1 + y)y
{
2[−1 + x+ y − 4xy + t2(−1 + x+ y)]e2d
+
1
[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t + 2y)]
{
4
{− (−1 + t2)(−1 + y)y2
+x3(−1 + 2y)(−1 + t2 + 8y − 8y2) + x2[−1 + 11y − 32y2 + 24y3 + t2(1 + 5y − 8y2)]
+xy[−2 + 11y − 10y2 + t2(−6 + 5y + 2y2)]}edeu}
−[6− 6y + 2t2(−1 + x+ y) + x(−6 + 8y)]e2u
}
,
where α and αs mean the electromagnetic coupling constant and the strong coupling con-
stant, respectively. The variables x and y are the momentum fractions from the final pseu-
doscalar mesons. The quark charges are eu =
2
3
for the u quark and ed(s) = −13 for the
d(s) quark. The color factor is CF =
N2C−1
2NC
with the color number NC = 3. If we make a
replacement of t→ cos θ in the above expression, we reduce them to the new formulas that
have the same forms with the theoretical prediction of V.L. Chernyak [8, 9], S.J. Brodsky
[5] and Bene Nizˇic´ [16] on the leading-twist order.
It is convenient to take cos θ as t in the numerical analysis of the twist-3 parts and the
twist-3 hard-scattering amplitudes are depicted as follows
T pp++ =T
pp
−− = −
8pi2ααs(µ
2
R)CFf
2
piµ
2
pi
3(−1 + t2)W 4(−1 + x)x(−1 + y)y
{
− 2{2y + x[2 + (−3 + t2)y]}e2d
+
1
[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t + 2y)]
{
8
{
(−1 + t2)(−1 + y)y2
+x3(−1 + 2y)[1− y + y2 + t2(−1 − y + y2)] + xy[2− 4y + 3y2 − t2(−2 + 2y + y2)]
−x2[−1 + 4y − 4y2 + 3y3 + t2(1 + 2y − 8y2 + 3y3)]}edeu}
−2[1 + x+ t2(−1 + x)(−1 + y) + y − 3xy]e2u
}
,
T pp+− =T
pp
−+ =
8pi2ααs(µ
2
R)CFf
2
piµ
2
pi
3(1− t2)W 4
{2[−1 + x(2− 3y) + 2y + t2(−1 + xy)]e2d
(−1 + x)2(−1 + y)2
− 8(1 + t
2)[−y + x(−1 + 2y)]edeu
[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t + 2y)]
+
2{x+ [1 + t2(−1 + y)− 3y] + y − t2y}e2u
x2y2
}
,
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T pσ++ =T
pσ
−− = −
16pi2ααs(µ
2
R)CFf
2
piµ
2
pi
9(−1 + t2)2W 4(−1 + x)2x2
{
− (−1 + t
2)(−1 + x)(1 + t2x)e2d
−1 + y
+
1
(−1 + y)y[−x(1 + t− 2y) + (−1 + t)y](x− tx+ y + ty − 2xy){
2
{
(−1 + t2)(−1 + y)y2 + xy[−1 + y + 2t2y − 2y2 + t4(1− 3y + 2y2)]
+x5[1− 4y + 6y2 − 4y3 + t4(−1 + 2y)− 6t2y(1− 3y + 2y2)]
+x2y[−3 + 8y + 2y2 + t4(1 + 10y − 12y2) + 2t2(1− 13y + 9y2)]
+x3[−1 + 6y − 6y2 − 8y3 + t2(2− 6y + 42y2 − 32y3) + t4(−1 − 8y + 4y2 + 8y3)]
+x4[t4(2 + 3y − 8y2) + y(1− 6y + 10y2) + 2t2(−1 + 6y − 21y2 + 15y3)]}edeu}
+
(−1 + t2)[−1 + t2(−1 + x)]xe2u
y
}
,
T pσ+− =T
pσ
−+ = −
8pi2ααs(µ
2
R)CFf
2
piµ
2
pi
9(−1 + t2)2W 4(−1 + x)3x3
{
(−1 + t2)x2[−1 + 2x+ t2(−1 − 2x+ 2x2)]e2d
−1 + y
+
1
(−1 + y)y[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t + 2y)]{
4(−1 + x)2x2{− (−1 + t2)y2[−1 + 2y + t2(−3 + 4y)]
+x3[1− 4y + 6y2 − 4y3 + t4(−1 + 2y)− 6t2y(1− 3y + 2y2)]
+xy[−1 + 4y − 6y2 + t2(2 + 8y − 10y2) + t4(−1− 4y + 8y2)]
+x2y[1 + t4(5− 8y)− 4y + 6y2 + 2t2(1− 10y + 9y2)]}edeu}
+
(−1 + t2)(−1 + x)2[1− 2x+ t2(−1− 2x+ 2x2)]e2u
y
}
,
T σp++ =T
σp
−− = −
16pi2ααs(µ
2
R)CFf
2
piµ
2
pi
9(−1 + t2)2W 4(−1 + y)2y2
{
− (−1 + t
2)(−1 + y)(1 + t2y)e2d
−1 + x
+
1
(−1 + x)x[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t+ 2y)]{
2
{− (−1 + t2)(−1 + y)y3[1 + t2(−1 + y) + y] + xy[−1− 3y + 6y2 + y3 − 4y4
+2t2y(1− 3y + 6y2 − 3y3) + t4(1 + y − 8y2 + 3y3 + 2y4)]− x3(−1 + 2y)
[1 + 2y2 − 4y3 + 2y4 + t4(1 + 4y − 4y2) + 2t2(−1 − 2y + 5y2 − 6y3 + 3y4)]
+x2[−1 + y + 8y2 − 6y3 − 6y4 + 6y5 + t4(−1− 3y + 10y2 + 4y3 − 8y4)
+2t2(1 + y − 13y2 + 21y3 − 21y4 + 9y5)]}edeu}
+
(−1 + t2)[−1 + t2(−1 + y)]ye2u
x
}
,
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T σp+− =T
σp
−+ = −
8pi2ααs(µ
2
R)CFf
2
piµ
2
pi
9(−1 + t2)2W 4(−1 + y)3y3
{
(−1 + t2)y2[−1 + 2y + t2(−1 − 2y + 2y2)]e2d
−1 + x
+
1
(−1 + x)x[x(1 + t− 2y) + y − ty][−(1 + t)y + x(−1 + t+ 2y)]{
4(−1 + y)2y2{− (−1 + t4)y3 + xy[−1 + y − 4y2 + t2(2 + 2y − 6y2)
+t4(−1 + 5y + 2y2)] + 2x3[1− 3y + 3y2 − 2y3 + t4(−2 + 4y) + t2(1− 5y + 9y2 − 6y3)]
+x2[−1 + 4y − 4y2 + 6y3 + t4(3− 4y − 8y2) + 2t2(−1 + 4y − 10y2 + 9y3)]}edeu}
+
(−1 + t2)(−1 + y)2[1− 2y + t2(−1− 2y + 2y2)]ye2u
x
}
,
T σσ++ =T
σσ
−− =
2pi2ααs(µ
2
R)CFf
2
piµ
2
pi
27(1− t2)2W 4
{
2(1 + t2)[x(−1 + y)− y]e2d
(−1 + x)2x(−1 + y)2y + (−1 + t
2)2{
−
{ 1
(1 + t)4x2(−1 + y)2[x(1 + t− 2y) + y − ty]2{
4{−(−1 + t)[−1 + t(−1 + y)− y](−1 + y)y + x3[−1 + 4y − 6y2 + 4y3
+t2(−1 + 2y) + t(−2 + 6y − 6y2)] + x[2 − 2y − 2y2 + 4y3 − t3(−1 + y2)
+t(5− 4y + 3y2 − 6y3) + 2t2(2− y − 2y2 + y3)] + x2[−1 + t3(−1 + y)
+4y2 − 6y3 + t2(−3 + 6y − 4y2) + t(−3 + 5y − 4y2 + 6y3)]}}}
+
1
(−1 + t)4x2(−1 + y)2(x− tx+ y + ty − 2xy)2
{
4{(1 + t)(−1 + y)y[1 + t(−1 + y) + y]
+x3[1 + t2(1− 2y)− 4y + 6y2 − 4y3 + t(−2 + 6y − 6y2)] + x[−t3(−1 + y2)
+t(5− 4y + 3y2 − 6y3) + 2(−1 + y + y2 − 2y3)− 2t2(2− y − 2y2 + y3)]
+x2[1 + t3(−1 + y)− 4y2 + 6y3 + t2(3− 6y + 4y2) + t(−3 + 5y − 4y2 + 6y3)]}}
− 1
(−1 + t)4(−1 + x)2y2[x(1 + t− 2y) + y − ty]2
{
4{(−1 + t)2(−2 + t− y)(−1 + y)y
+x3[−1 + 4y − 6y2 + 4y3 + t2(−1 + 2y) + t(−2 + 6y − 6y2)]
−(−1 + t)x[1 − 2y + t2y2 + 4y3 + t(1 + 2y − 5y2 − 2y3)]
+x2[t3y + t2(2− 4y − 4y2)− 2y(1− 2y + 3y2) + t(2− 3y + 4y2 + 6y3)]}}
+
1
(1 + t)4(−1 + x)2y2(x− tx+ y + ty − 2xy)2
{
4{(1 + t)2(−1 + y)y(2 + t + y)
+x3[1 + t2(1− 2y)− 4y + 6y2 − 4y3 + t(−2 + 6y − 6y2)]
−(1 + t)x[1− 2y + t2y2 + 4y3 + t(−1− 2y + 5y2 + 2y3)]
+x2[t3y + 2y(1− 2y + 3y2) + t2(−2 + 4y + 4y2) + t(2− 3y + 4y2 + 6y3)]}}}edeu
+
2(1 + t2)(−1 + xy)e2u
(−1 + x)x2(−1 + y)y2
}
,
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T σσ+− =T
σσ
−+ =
4pi2ααs(µ
2
R)CFf
2
piµ
2
pi
27(−1 + t2)W 4
{
(1 + t2)[2 + x(−1 + y)− y]e2d
(−1 + x)2x(−1 + y)2y −
1
(−1 + t2)2
2
{ 1
x2(−1 + y)2[x(−1 + t− 2y) + y − ty]2 (−1 + t)
4{1(−1 + t)[−3 + t(−1 + y)− y]y2
+x3[−1 + 4y − 6y2 + 4y3 + t2(−1 + 2y) + t(−2 + 6y − 6y2)] + x2[−2 + t3(−1 + y)
+6y − 4y2 − 6y3 + t2(−4 + 6y − 4y2) + t(−5 + 11y − 4y2 + 6y3)] + x[1 − 4y
+8y2 + 4y3 − t3(−1 + y2) + t2(3− 4y2 + 2y3)− t(−3 + 4y + 3y2 + 6y3)]}
− 1
x2(−1 + y)2(x− tx+ y + ty − 2xy)2 (1 + t)
4{(1 + t)y2[3 + t(−1 + y) + y]
+x3[1 + t2(1− 2y)− 4y + 6y2 − 4y3 + t(−2 + 6y − 6y2)] + x2[2 + t3(−1 + y)
−6y + 4y2 + 6y3 + t2(4− 6y + 4y2) + t(−5 + 11y − 4y2 + 6y3)]− x[1 − 4y
+8y2 + 4y3 + t3(−1 + y2) + t2(3− 4y2 + 2y3) + t(−3 + 4y + 3y2 + 6y3)]}
+
1
(−1 + x)2y2[x(1 + t− 2y) + y − ty]2 (1 + t)
4{(−1 + t)2y[1 + t(−1 + y)− 2y − y2]
−(−1 + t)xy[−4 + (6− 5t+ t2)y − 2(−2 + t)y2]
+x3[−1 + 4y − 6y2 + 4y3 + t2(−1 + 2y) + t(−2 + 6y − 6y2)]
+x2[−3 + 8y + t3y − 4y2 − 6y3 + t2(1− 4y − 4y2) + t(−2 + 3y + 4y2 + 6y3)]}
− 1
(−1 + x)2y2(x− tx+ y + ty − 2xy)2 (−1 + t)
4{(1 + t)2y[−1 + t(−1 + y) + 2y + y2]
−(1 + t)xy[−4 + (6− 5t + t2)y + 2(2 + t)y2]
+x3[1 + t2(1− 2y)− 4y + 6y2 − 4y3 + t(−2 + 6y − 6y2)]
+x2[3− 8y + t3y + 4y2 + 6y3 + t2(−1 + 4y + 4y2) + t(−2 + 3y + 4y2 + 6y3)]}
}
edeu
+
(1 + t2)(1 + xy)e2u
(−1 + x)x2(−1 + y)y2
}
.
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